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It is shown that using beam splitters with non-equal wave vectors results in a new recoil diagram
which is qualitatively different from the well-known diagram associated with the Mach-Zehnder
atom interferometer. We predict a new asymmetric Mach-Zehnder atom interferometer (AMZAI)
and study it when one uses a Raman beam splitter. The main feature is that the phase of AMZAI
contains a quantum part proportional to the recoil frequency. A response sensitive only to the
quantum phase was found. A new technique to measure the recoil frequency and fine structure
constant is proposed and studied outside of the Raman-Nath approximation.
PACS numbers: 03.75.Dg; 37.25.+k; 04.80.-y
It is well-known that atom interferometry [1] is caused
by the quantization of the atomic center-of-mass motion.
When the incident atomic momentum state |p〉 splits into
two states |p〉 and |p+ ~k〉 after passing through a beam
splitter having effective wave vector k, the coherence be-
tween these states evolves as
ρ (p+ ~k,p, t) ∝ exp (−iωp+~k,pt) (1)
where the frequency of transition between states
ωp+~k,p =
1
2M~
[
(p+ ~k)
2
− p2
]
= k ·
p
M
+
~k2
2M
(2)
contains the quantum term, recoil frequency
ωk =
~k2
2M
, (3)
where M is an atomic mass. When t is of the order of
interrogation time T of the given atomic interferometer,
one can expect the phase of the interferometer to contain
the quantum contribution
φq ∼ ωkT, (4)
which would reveal the quantum nature of the atom in-
terference. This phase leads to the recoil splitting of the
optical Ramsey fringes [2], Talbot effect, i.e. quantum
beats of the atom interferometer signal, in the standing
wave fields [1, 3, 4] and microfabricated structures [5].
Precise measurement of the phase (4) was performed [6]
using a Raman analogue of the atom interferometer [7]
involving 4 time-separated counterpropagating traveling
waves. The value of ωk was proposed for measuring the
fine structure constant [6], which resulted [8] in a resolu-
tion in this constant of 0.25 ppb.
In spite of this, the phase of the well-known and
widely used Mach-Zehnder atom interferometer (MZAI),
in which an atom passes through 3 beam splitters sepa-
rated in time with a delay T , contains no quantum term.
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In the uniform gravitational field g the phase is given by
[9]
φ = k · gT 2. (5)
The reason is that quantum corrections affect the atomic
position at the moments of interaction with the 2nd and
3rd beam splitters, but in the uniform gravity field these
contributions cancel one another (see for example Ap-
pendix in [10]). We would like to underline that deriva-
tions of the MZAI phase is purely quantum (see examples
of this derivation in [9–11]),but the result of those deriva-
tions (5) is purely classical. The quantum contribution
to the MZAI phase arises in the rotating frame [12], or
in the non-uniform field, in the presence of the gravity-
gradient tensor [13, 14] or in the presence of the gravity
curvature tensor [10], or in the strongly non-uniform field
of the external test mass [10], the quantum part of the
phase in gravity-gradient field of the external test mass
has been recently observed [15].
The absence of the quantum phase (4) allows one to
doubt that MZAI is caused by matter wave interference.
In this article, I propose a modification of the MZAI
which contains the term (4). Moreover, we found a re-
sponse that contains only the quantum phase. Since it
is insensitive to gravity, vibration, phase and frequency
noise, this response can be used to measure recoil fre-
quency and fine structure constant. An advantage of
our approach compared to the approach, using conjugate
atom interferometers in the Bragg regime [16], is that our
effect is insensitive to phase and frequency noise and has
no diffraction phase [17].
In our modification, we first tried to use beam splitters
with different effective wave vectors. If the beam split-
ter is a pulse of standing wave [1], or Raman pulse [11],
then usually the field consists of two counterpropagating
traveling waves having wave vectors q1 and q2 ≈ −q1.
The effective wave vector of this beam splitter is
k = q1 − q2 ≈ 2q1. (6)
One can obtain a value of k different from that given
by Eq. (6) if the traveling waves are not counterprop-
agating (q1 6= −q2) . In this case, the magnitude of the
2p
®
p® +
Ñ
k
®
1
p® +
Ñ
k® 2
p® +
Ñ
k
®
1
p
®
+ÑHk
®
1-k
®
2L p
®
+ÑHk
®
1-k
®
2L
p
®
+ÑHk
®
2-k
®
3L
p® +
Ñ
k® 2
p® +
Ñ
Hk
® 1-
k® 2+
k® 3L P
ort
I
Port II
T1 T2 T3
A
B
C
D
FIG. 1: MZAI with different effective wave vectors. If |p〉
is an incident momentum state, then the beam splitter pro-
duces, in addition to state |p〉 , the scattered momentum state
|p± ~ki〉. The scattered momentum states after the 3rd beam
splitter are shown in blue.
effective wave vector |k| = k sinα, where α is the half-
angle between vectors q1 and q2 and k ≈ 2q1. Such a
field was used for the first observation of atomic focusing
[18], in the theory of conical lens for atoms [19], to con-
sider quasiperiodic Fresnel atom optics [20], to separate
in time double-loop atomic gyro and stimulated echo [14].
Another way of getting non-equal wave vectors is to use
the sequential technique [6, 21] to increase k and apply
it with different amounts of additional pi−pulses near the
1st, 2nd and 3rd pulses. The sequential technique [21] is
more promising than technique combining Bragg diffrac-
tion and Bloch oscillations [8]. We are expecting that
AMZAI effective wave vectors can be increased using
the sequential technique and do not consider the Bloch
oscillations in this article. MZAI with a slightly differ-
ent effective wave vector of the second Raman pulse has
been also proposed [22] to vanish sensitivity to the atom
clouds’ initial position and the velocity caused by the
gravity-gradient tensor. This effect has been recently ob-
served [23, 24]. The difference from our case is that (a)
we allow an arbitrary change of the wave vectors’ mag-
nitudes, (b) but we do not violate the phase-matching
conditions, (c) the gravity field is uniform (on this stage
we neglect the gravity gradient terms), (d) the asymme-
try proposed in [22] does not lead and is not aimed at
leading to any quantum term in the MZAI phase.
The recoil diagram of the MZAI with non-equal wave
vectors is shown in Fig. 1. Calculations show that the
phase of this interferometer still has no quantum part.
Nevertheless, one notices that lines AB and CD are no
longer parallel, and at some moment in time they cross
one another. Applying at that time the 3rd beam split-
ter, one obtains new an asymmetric Mach-Zehnder atom
interferometer (AMZAI). One can say the same thing
about lines AC and BD. The corresponding recoil dia-
gram for this interferometer is shown in Fig. 2.
It is evident from the figure that the choice of the wave
vectors and times Ti has to obey 2 constraints. The first
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FIG. 2: Recoil diagram of the AMZAI.
constraint is that the blue and black lines in each port
have to be parallel, i.e.
k1 = k2 − k3, (7)
which is a well-known phase matching condition. The
second constraint is that D is the point of crossing and
therefore
−−→
AD =
−→
AC +
−−→
CD, which means that
k1 (T3 − T1) = k2 (T3 − T2) . (8)
One can get the same equality from the constraint
−−→
AD′ =
−−→
AB +
−−→
BD′. Choosing the wave vector k2 as an indepen-
dent variable, one can get from constraints (7,8) that
other wave vectors have to be equal to
k1 = (1− s)k2, (9a)
k3 = sk2, (9b)
where
s = (T2 − T1) / (T3 − T1) . (10)
If one uses a Raman pulse for beam splitting, then
the change of momentum is accompanied by a change of
the atomic internal states |g〉 (ground) and |e〉 (excited).
Specifically, the incident state |g,p〉 splits into states
|g,p〉 and |e,p+ ~k〉 , while the incident state |e,p〉 splits
into states |e,p〉 and |g,p− ~k〉. From the recoil diagram
corresponding to these rules shown in Fig. 3, one finds in
each of the output ports different atomic internal states
which cannot interfere with each other.
A similar situation occurs for a Stern-Gerlach beam
splitter, where the use of an additional microwave pulse
changes the internal atomic label and leads to interfer-
ence [25]. I also propose applying here the microwave
pulse resonant to transition g → e just before (the case
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FIG. 3: AMZAI in the case of Raman beam splitter for col-
inear beam spliters k1‖k2‖k3 and k2 > k1. Solid and dashed
lines correspond to the atomic ground and excited states.
considered here) or after 3rd Raman pulse [26]. It is
easier to perform calculations than to draw the recoil di-
agram corresponding to this set of pulses.
Let’s assume that atoms are launched at t = 0 and
interact with 3 Raman pulses. Pulse i is applied at time
Ti and has the area, effective wave vector, phase and Ra-
man detuning θi,ki, φi and δi. In addition the microwave
pulse, having the area, effective wave vector, phase and
detuning θm,km = 0, φm and δm, is applied at time Tm.
I assume, for simplicity, that all pulses have the same du-
ration τ . The calculations were performed using Wigner
representation for the atomic density matrix. To get the
AMZAI phase, I used equations for the density matrix
evolution in times between pulses and equations for the
density matrix change immediately after the interaction
with a given pulse, i.e. Eqs. (21, 48) in [14]. Regarding
the microwave pulse time Tm, I assume that
0 < T3 − Tm ≪ T3 (11)
so that one can ignore the density matrix evolution at
Tm + τ < t < T3. If initially all atoms are in the ground
state,
ρgg (x,p, 0) = f (x,p) , ρee (x,p, 0) = ρeg (x,p, 0) = 0,
(12)
then I calculate the probability of atoms’ excitation im-
mediately at time T3 + τ
w =
∫
dpdxρee (x,p, T3 + τ ) . (13)
The straightforward, but extended, calculations of re-
sponse (13) will be omitted here. The interaction which
I consider here is a particular case of the interaction with
4 pulses considered previously in Sec. VII of the article
[14], where the 3rd pulse is a microwave pulse, the 4th
pulse becomes the 3rd one, and the processes shown in
Fig. 2 correspond to processes called in [14] ”stimulated
echo”. Saving only these processes and background terms
one finds
w = w¯ + wI+ + wI− + wII+ + wII−, (14a)
w¯ =
1
2
(1− cos θ1 cos θ2 cos θm cos θ3) , (14b){
wI±
wII±
}
= −
1
8
sin θ3 sin θm sin θ2 sin θ1
∫
dxdpf (x,p)
{
cos
(
φI± + φI
)
cos
(
φII± + φII
) } , (14c)
φI,II = −δ3T3 + δmTm ± δ2T2 ∓ δ1T1 − φ3 + φm ± φ2 ∓ φ1 − arg (Ω
∗
3Ωm)∓ arg (Ω2Ω
∗
1) , (14d){
φI±
φII±
}
=
{
k3 · x3± − k2 · x2 + k1 · x1
k3 · x3± + k2 · x2 − k1 · x1
}
, (14e)
{x1,p1} =
{
X (x,p, T1) ,P (x,p, T1) +
~k1
2
}
, (14f)
{x2,p2±} =
{
X (x1,p1, T2 − T1) ,P (x1,p1, T2 − T1)∓
~k2
2
}
, (14g)
x3± = X (x2,p2±, T3 − T2) , (14h)
where Ωn is a two-photon Raman Rabi frequency of the Raman pulse n, Ωm is a Rabi frequency of the microwave
pulse, {X (x,p, t) ,P (x,p, t)} is a point of the atom trajectory in the phase space, and {x,p} is the initial point of
this trajectory. I consider here for simplicity only atom motion in the uniform gravity field g, when
X (x,p, t) = x+
p
M
t+ g
t2
2
, (15a)
P (x,p, t) = p+Mgt. (15b)
4Using these dependencies one obtains
φI± = (k3 − k2 + k1) · x+ (k3T3 − k2T2 + k1T1) ·
p
M
+
1
2
(
k3T
2
3 − k2T
2
2 + k1T
2
1
)
· g
+
~
2M
{k3 · [k1 (T2 − T1) + (k1 ∓ k2) (T3 − T2)]− k2 · k1 (T2 − T1)} (16)
One sees that, owing to the first two terms in Eq. (16),
the integrand for wI± in Eq. (14c) rapidly oscillates in
the phase space, which can wash out the interference sig-
nal.. However, owing to the constraints (7, 8) the first
two terms are exactly equal to 0. Substituting Eq. (9)
into Eq. (16), one finds
φI± = φc ∓ φq, (17a)
φc =
1
2
k2 · g (T3 − T1)
2
s (1− s) , (17b)
φq = ωk2 (T3 − T1) s (1− s) . (17c)
One can find that for wave vectors (9), terms wII±
are washed out and the sum of the interference terms
wI++wI− contains separately a factor depending on the
quantum phase (17c) and a factor depending on the all
the other phases, φc, φi, δiTj , i.e.
w = w¯−
1
4
sin θ3 sin θm sin θ2 sin θ1 cos
(
φq
)
cos (φc + φI) ,
(18)
If one monitors the signal (18) as a function of any
phase or detuning of the Raman or microwave field, then
the difference of the maximum and minimum of the signal
is given by
A = wmax−wmin =
1
2
∣∣sin θ3 sin θm sin θ2 sin θ1 cos (φq)∣∣ .
(19)
The oscillating dependence in (19) on the inter-
rogation time T3 − T1 is caused only by the quan-
tization of the atomic center-of-mass motion and
reveals the quantum nature of the atom interfer-
ence. Evidently, the signal (19) is insensitive to the
gravity field, vibration noise, and phase noise of the laser
fields.
The quantum phase is maximal when k2 = k and
s = 1/2, or k1 = k3 = k/2, T2 = (T1 + T3) /2. This
means that the 2nd pulse still consists of counterpropa-
gating fields, but the 1st and 3rd pulses have to consist
of traveling waves having pi/3 angle between their wave
vectors. In this case
φq =
1
4
ωk (T3 − T1) . (20)
The contrast of the signal (19), c =
(wmax − wmin)φq=0
/
w¯ achieves 100% for
pi/2− pi/2− pi/2− pi/2 sequence of the pulses.
Phases φII± can be considered in the same manner.
To avoid washing out the wII± terms, one has to choose
the same value (9a) of the wave vector k1 and opposite
value of the wave vector k3, k3 = −sk2.With this choice
of wave vectors, the terms wI± are washed out, while the
phases change their sign, φII± = −φI±.
The equations for the density matrix in the Wigner
representation, derived in [14] have a limited region of va-
lidity. One can use them only if the Raman detunings δn
compensate for the recoil frequency ωkn . One can easily
achieve the compensation for MZAI, since all beam split-
ters have the same effective wave vector k. The situation
changes for AMZAI: since one could not achieve compen-
sation for all wave vectors simultaneously, the approach
[14] becomes valid only in the Raman-Nath approxima-
tion, when the pulse duration τ is significantly smaller
than an inverse recoil frequency
ωknτ ≪ 1. (21)
For the 2-quantum transition in Rb87 ω−1k ≈ 10.6µs. The
minimal duration of the pulses used in the atom inter-
ferometry is 50ns [27], which is sufficient for the Raman-
Nath approximation. But in experiments exploring Ra-
man beam splitters, pulse durations are in the range
(4÷ 35)µs [21, 28–38]. To describe AMZAI outside of
the Raman-Nath approximation, I used the equation for
an atomic wave function in momentum space. The solu-
tion of this equation in the uniform field [25] can be ap-
plied for both the wave function evolution between pulses
and inside a given Raman pulse if one chirps the pulse
frequency with a rate αn and
|αn − kn · g| τ
2 ≪ 1, (22)
(see appendices A and B). The background of the proba-
bility of excitation w¯ is given by Eq. (B31), while for the
interferometric part of this probability one obtains from
Eqs.(B29a, B30a)
w˜ = −2 |x| cos
(
φg
)√
|x+|
2 + |x−|
2 + 2 |x+| |x−| cos
[
2r + arctan
Im (x−)
Re (x−)
− arctan
Im (x+)
Re (x+)
]
, (23a)
φg = φI + φc +
(
δm − δ1,P0 + ωk2 (1− s)
2
)
τ
− arctan
Im (x)
Re (x)
− arctan
cos r Im (x+ + x−)− sin rRe (x+ − x−)
cos rRe (x+ + x−) + sin r Im (x+ − x−)
, (23b)
5where P0 is an initial atomic momentum and δn,P is a detuning (A20b) associated with pulse n. Expression (23)
has been derived for a rectangular shape of the Raman and microwave pulses. One can accept that the pulses
are rectangular if the durations of the forward and backward fronts are significantly smaller than the inverse recoil
frequency.
The quantum phase φq is included now in parameter r [see Eq. (B30b)]. It cannot now be separated from other
phase factors. In spite of this, after monitoring the signal (23a), as a function of any Raman field phase, one finds
that the response (19) still depends only on the quantum phase,
A = 4 |x|
√
|x+|
2
+ |x−|
2
+ 2 |x+| |x−| cos
[
2r + arctan
Im (x−)
Re (x−)
− arctan
Im (x+)
Re (x+)
]
, (24)
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FIG. 4: Dependences of the optimum values of the Raman
detunings on the atomic recoil frequency.
One can define the magnitude of the response (24) as
the difference R = Amax −Amin, which is equal to
R = 8 |x|Min {|x+| , |x−|} . (25)
To maximize this magnitude one evidently has to
choose δ1,P0 = (1− s)
2 ωk2 , δm = 0, θ1 = θm = pi/2,
where we defined pulses’ areas as
θn = Ωnτ . (26)
For this choice one finds that |x| = 1/4. I assumed that
2nd and 3rd pulses still have areas θ2 = θ3 = pi/2 and
found numerically optimum values of the Raman detun-
ings for s = 1/2. These values are shown in Fig. 4, while
the maximal magnitude R, background w¯ and contrast
c = R/w are shown in Fig. 5. One period of the depen-
dence (24) for the different values of recoil frequency is
shown in Fig. 6.
One sees that outside of the Raman-Nath approxi-
mation, one can achieve almost the same magnitude of
the AMZAI with the proper choice of the Raman de-
tunings, while the interference picture shifts as a whole.
The AMZAI becomes sensitive to the fields’ frequencies,
but requirements for the frequencies’ stabilization are
less stringent compared to the conjugate interferometers
technique [8, 16] in a parameter
τ/T. (27)
c
R
w
-
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FIG. 5: Dependences of the maximal magnitude R, back-
ground w¯ and contrast c on the atomic recoil frequency.
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FIG. 6: One period of the dependence (24) on the interroga-
tion time T3 − T1 at the optimum conditions for the different
values of the recoil frequency.
In this article I consider only the Raman pulse beam
splitter. I expect that AMZAI should also be built using
a standing wave beam splitter [1] and Raman standing
wave beam splitter [39]. I plan to examine these cases
elsewhere.
AMZAI can be used to measure recoil frequency ωk.
In contrast to other interferometers used for these mea-
surements [3, 4, 6–8], AMZAI does not use counterpropa-
gating effective wave vectors or standing waves. Another
useful feature is that after monitoring the response as
a function of the Raman field phase and measuring the
difference between maximal and minimal values of the re-
6sponse, one gets the signal (19) insensitive to the gravity,
vibration and phase noise. Calculations showed that the
similar signal occurs in the interferometers [6–8], but to
our knowledge monitoring of the response for given time
delay between pulses and measuring the difference be-
tween response’s maximum and minimum has never been
used in those experiments. Here I propose this technique
to get the signal sensitive only to the recoil frequency.
In this article a technique to obtain a signal insensi-
tive to gravity is proposed. It was justified above only
for uniform gravity. I verified that this signal can also be
obtained in the presence of the gravity-gradient and Cori-
olis forces, if these forces are small. Only if these forces
are sufficiently large, or the time delay between pulses is
sufficiently long, then one can use exact expressions for
the atomic trajectories (14f-14h) derived in [41] to study
corresponding systematic errors in the measurement of
the recoil frequency using AMZAI or technique [8].
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Appendix A: Atomic amplitudes in the momentum state
In this appendix, we use the expressions for the atomic amplitudes’ evolution in the uniform field [25]. For the
purpose of integrity we consider both the amplitudes’ evolution between Raman pulses [25] and during the interaction
with a given pulse. Consider an interaction of the 3-level atom with a rectangular pulse of the 2 traveling waves
E (x, t) =
{
E1 exp
[
i
(
q1 · x− ω1t− φ
(1) (t)
)]
+E2 exp
[
i
(
q2 · x− ω2t− φ
(2) (t)
)]}
f (t) + c.c. (A1)
where Ei, qi, ωi and φ
(i) (t) are amplitude, wave vector, frequency and phase of the waves,
f (t) =
{
1, for T < t < T + τ
0, for t < T and t > T + τ
(A2)
is the shape of the rectangular pulse acting at the moment T and having a duration τ . We assume that the 2 atomic
states, g and e, are the sublevels of the atomic ground state, while the third state 0 is an excited state, fields E1 and
E2 are resonant to the transitions g → 0 and e→ 0 correspondingly. The Hamiltonian of the atom is given by
H =
p2
2M
−Mg·x+~
{
Ω(1) exp
[
i
(
q1 · x−∆1t− φ
(1) (t)
)]
|0〉 〈g|+Ω(2) exp
[
i
(
q2 · x−∆2t− φ
(2) (t)
)]
|0〉 〈e|+H.c.
}
,
(A3)
where Ω(1) ≡ −d0g · E1/~ and Ω
(2) ≡ −d0e · E2/~ are Rabi frequencies, d0g and d0e are the matrix elements of the
dipole moment operator, ∆1 = ω1 − ω0g and ∆2 = ω2 − ω0e are the detunings of the frequencies. Let us eliminate
an amplitude of the excited state, which evolves as
ia˙ (0,p, t) =
(
p2
2M~
− iMg · ∂p
)
a (0,p, t)
+
{
Ω(1)e−i[∆1t+φ
(1)(t)]a (g,p− ~q1, t) + Ω
(2)e−i[∆2t+φ
(2)(t)]a (e,p− ~q2, t)
}
f (t) . (A4)
When the detunings are closed
∆1 ≈ ∆2 ≈ ∆ (A5)
and sufficiently large,
|∆| ≫Max
{∣∣∣δ˜∣∣∣ , τ−1, ∣∣∣φ˙(i)∣∣∣ , qigT, qi p
M
,ωqi
}
, (A6)
where
δ˜ ≡ ∆1 −∆2 (A7)
is Raman detuning, one can neglect the first term in the right-hand-side of Eq. (A4) to get
a (0,p, t) =
{
Ω(1) exp
[
−i
(
∆1t+ φ
(1) (t)
)]
a (g,p− ~q1, t) + Ω
(2) exp
[
−i
(
∆2t+ φ
(2) (t)
)]
a (e,p− ~q2, t)
}
/∆,
(A8)
where the usual assumption was accepted that the atomic ground state amplitudes vary slowly at the time |∆|−1 .
Substituting this expression in the equations for the atomic ground state amplitudes, one gets
i
(
∂t +Mg · ∂p + i
p2
2M~
)
a˜ (e,p, t) =
Ω
2
f (t) exp [−iδt− iφ (t)] a˜ (g,p− ~k, t) , (A9a)
i
(
∂t +Mg · ∂p + i
p2
2M~
)
a˜ (g,p, t) =
Ω∗
2
f (t) exp [iδt+ iφ (t)] a˜ (e,p+ ~k, t) , (A9b)
where a˜ (g,p, t) = exp
(
i
∣∣Ω(1)∣∣2 t/∆) a (g,p, t) ; a˜ (e,p, t) = exp(i ∣∣Ω(2)∣∣2 t/∆) a (g,p, t) , k = q1 − q2 is an effective
wave vector, δ = δ˜ −
(
|Ω2|
2
− |Ω1|
2
)
/∆, Ω = 2Ω(1)Ω(2)∗/∆ is Rabi Raman frequency, φ (t) = φ(1) (t) − φ(2) (t) . In
the accelerated frame
p = P+Mgt, (A10)
9using the initial atomic momentum P as an independent variable, one obtains
i
(
∂t + i
(P+Mgt)
2
2M~
)
a˜ (e,P, t) =
Ω
2
f (t) exp [−iδt− iφ (t)] a˜ (g,P− ~k, t) , (A11a)
i
(
∂t + i
(P+Mgt)2
2M~
)
a˜ (g,P, t) =
Ω∗
2
f (t) exp [iδt+ iφ (t)] a˜ (e,P+ ~k, t) . (A11b)
Then one finds that in the interaction representation
a˜ (n,P, t) = exp
[
−i
∫ t
0
dt′
(P+Mgt′)
2
2M~
]
c (n,P, t) (A12)
the vector state
c (t) =


c
(
e,P+
~k
2
, t
)
c
(
g,P−
~k
2
, t
)

 (A13)
evolves as
ic˙ =
f (t)
2


0 Ω exp
{
−i
[
δt+ φ (t)− k·
P
M
t−
1
2
k · gt2
]}
Ω∗ exp
{
i
[
δt+ φ (t)− k·
P
M
t−
1
2
k · gt2
]}
0

 c. (A14)
One sees that in the accelerated frame the atomic amplitude in the interaction representation (A12) stays unchanged
at the pulses’ free time,
c (t) = constant, at t < T or t > T + τ . (A15)
If one chirps linearly the fields’ frequencies, i.e. if
φ (t) = φ+ αt2/2 (A16)
and if the chirping rate α is close to k · g,
|α− k · g| τ2 ≪ 1, (A17)
then one can neglect the quadratic over
t′ = t− T (A18)
terms in the phase factors in Eq. (A14) and arrives at the well-known equation for the amplitudes of a two-level atom
in the rectangular resonant pulse with permanent detuning and phase,
i
dc
dt′
=
f (T + t′)
2
(
0 Ω exp {−i [δPt
′ + φ (P)]}
Ω∗ exp {i [δPt
′ + φ (P)]} 0
)
c, (A19)
where
φ (P) = φ+
(
δ − k·
P
M
)
T +
1
2
(α− k · g)T 2, (A20a)
δP = ∂φ (P) /∂T. (A20b)
Using the solution of the Eq. (A19), one finds that during an interaction with Raman pulse the atomic amplitudes
jump as
c (e,P, T + τ) = Fee (P− ~k/2) c (e,P, T ) + Feg (P− ~k/2) c (g,P− ~k, T ) , (A21a)
c (g,P, T + τ) = Fge (P+ ~k/2) c (e,P+ ~k, T ) + Fgg (P+ ~k/2) c (g,P, T ) , (A21b)
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where Fm,n (P) is an element of the matrix
F (P) =
(
fee (P) feg (P) exp {−iφ (P)}
fge (P) exp {iφ (P)} fgg (P)
)
, (A22)
where
f (P) =
(
exp {−iδPτ/2} fd [Ω, δP] −i exp {−iδPτ/2} fa [Ω, δP]
−i exp {iδPτ/2} f
∗
a [Ω, δP] exp {iδPτ/2} f
∗
d [Ω, δP]
)
, (A23a)
fd (Ω, δ) = cos
Ωr (Ω, δ) τ
2
+ i
δ
Ωr (Ω, δ)
sin
Ωr (Ω, δ) τ
2
, (A23b)
fa (Ω, δ) =
Ω
Ωr (Ω, δ)
sin
Ωr (Ω, δ) τ
2
, (A23c)
Ωr (Ω, δ) =
√
|Ω|
2
+ δ2. (A23d)
Appendix B: AMZAI response
Let us now apply Eqs. (A15, A21) to consider AMZAI, i.e. to calculate the total probability of the atoms’ excitation
w =
∫
dP |c (e,P, T3 + τ)|
2
(B24)
with 3 Raman pulses and one microwave pulse having Rabi frequencies {Ω1,Ω2,Ωm,Ω3} , detunings {δ1, δ2, δm, δ3} ,
phases {φ1, φ2, φm, φ3} , wave vectors and chirping rates
{k1,k2,km,k3} = k2 {1− s, 1, 0, s} , (B25a)
{α1, α2, αm, α3} = α2 {1− s, 1, 0, s} , (B25b)
and acting at the moments {T1, T2, Tm, T3} . Assuming that before the pulses action atoms are in the ground state
only [c (e,P, T1) = 0] , and using consequently the Eqs. (A21) for each pulse one arrives to the following result
c (e,P, T3 + τ ) = c1+ + c2+ + c1− + c2−
+F3ee (P− s~k2/2) [FmeeF2ee (P− ~k2/2)F1eg (P− (1− s) ~k2/2) c (g,P− (1− s) ~k2, T1)
+FmegF2ge (P+ ~k2/2)F1eg (P+ (1 + s) ~k2/2) c (g,P+ s~k2, T1)]
+F3eg (P− s~k2/2) [FmgeF2eg (P− (2s+ 1) ~k2/2)F1gg (P− (3s+ 1)~k2/2) c (g,P− (s+ 1) ~k2, T1)
+ FmggF2gg (P− (2s− 1)~k2/2)F1gg (P− (3s− 1) ~k2/2) c (g,P− s~k2, T1)] , (B26)
where
c1+ = F3ee (P− s~k2/2)FmeeF2eg (P− ~k2/2)F1gg (P− (1 + s) ~k2/2) c (g,P− ~k2, T1) , (B27a)
c2+ = F3eg (P− s~k2/2)FmgeF2ee (P− (2s+ 1)~k2/2)F1eg (P− (1 + s) ~k2/2) c (g,P− ~k2, T1) , (B27b)
c1− = F3ee (P− s~k2/2)FmegF2gg (P+ ~k2/2)F1gg (P+ (1− s) ~k2/2) c (g,P, T1) , (B27c)
c2− = F3eg (P− s~k2/2)FmggF2ge (P− (2s− 1)~k2/2)F1eg (P+ (1− s) ~k2/2) c (g,P, T1) , (B27d)
FNαβ is (αβ)−element of matrix (A22) associated with the pulse N. The sum of the 8 integrals of the absolute
squares of the each term in (B26) is a background w¯ of the response (B24), while the cross terms are responsible for
the interference. If the initial atomic distribution |c (g,P, T1)|
2
is centered near the momentum P0 and, after using
the filtering technique [15, 21], it is narrowed to the width
δP ≪
M
kτ
(B28)
and if the pulse duration is comparable to the inverse recoil frequency, then different terms in Eq. (B26) are centered
in the momentum space near the points which are far distanced from one another and cannot interfere. There are
11
only 2 exclusions, 2 pairs of the terms {c1+,c2+} , located at the point P = P0 + ~k2, and {c1−,c2−} , located at the
point P = P0, leading to the interferometric part of the excitation probability
w˜ = w+ + w−, (B29a)
w± = 2Re
∫
dPc1±c
∗
2± (B29b)
For the parameter s given by Eq. (10) the rapid oscillations of the integrands in Eq. (B29b) as functions of the
momentum with period ∼ M/k2T disappear. Other factors originated from the matrices fN (P) , given by Eq.
(A23a), are smooth functions of the momentum with size ∼ M/kτ, so that one can put in Eqs. (B27) c (g,P, T1) =√
δ (P−P0) to find
w± = −2Re
{
exp
[
i
(
−φI − φc +
(
−δm + δ1,P0 − ωk2 (1− s)
2
)
τ
)
∓ r
]
xx±
}
, (B30a)
r = φq − sωk2τ ; (B30b)
φc =
1
2
(k2 · g − α2) s (1− s) (T3 − T1)
2
, (B30c)
x = f∗d
[
Ω1, δ1,P0 − (1− s)
2 ωk2
]
fa
[
|Ω1| , δ1,P0 − (1− s)
2 ωk2
]
fa [|Ωm| , δm] fd [Ωm, δm] , (B30d)
x+ = fd [Ω3, δ3,P0 − s (2− s)ωk2 ] fa [|Ω3| , δ3,P0 − s (2− s)ωk2 ]
×fa [|Ω2| , δ2,P0 − ωk2 ] f
∗
d [Ω2, δ2,P0 − (1− 2s)ωk2 ] , (B30e)
x− = fd
[
Ω3, δ3,P0 + s
2ωk2
]
fa
[
|Ω3| , δ3,P0 + s
2ωk2
]
×f∗d [Ω2, δ2,P0 − ωk2 ] fa [|Ω2| , δ2,P0 + (2s− 1)ωk2 ] , (B30f)
where the quantum phase φq and phase φI are given by Eqs.(17c, 14d), and Eq. (B30c) now defines the classical
phase φc.
Calculating the absolute squares of the terms in Eq, (B26), one arrives at the following results for the background
term
w¯ =
∣∣∣fa [Ω1, δ1,P0 − (1− s)2 ωk2]∣∣∣2 {|fd [Ωm, δm]|2 [|fd (Ω3, δ3,P0 − s (2− s)ωk2) fd (Ω2, δ2,P0 − (1− 2s)ωk2)|2
+
∣∣fa (Ω3, δ3,P0 + s2ωk2) fa (Ω2, δ2,P0 − (1− 2s)ωk2)∣∣2]
+ |fa [Ωm, δm]|
2
[∣∣fd (Ω3, δ3,P0 + 3s2ωk2) fa (Ω2, δ2,P0 − (1− 2s)ωk2)∣∣2
+ |fa (Ω3, δ3,P0 − s (2− s)ωk2) fd (Ω2, δ2,P0 − (1− 2s)ωk2)|
2
]}
+
∣∣∣fd [Ω1, δ1,P0 − (1− s)2 ωk2]∣∣∣2 {|fd [Ωm, δm]|2 [|fd (Ω3, δ3,P0 − s (2− s)ωk2) fa (Ω2, δ2,P0 − ωk2)|2
+
∣∣fa (Ω3, δ3,P0 − s2ωk2) fd (Ω2, δ2,P0 − ωk2)∣∣2]
+ |fa [Ωm, δm]|
2
[∣∣fd (Ω3, δ3,P0 + s2ωk2) fd (Ω2, δ2,P0 − ωk2)∣∣2
+ |fa (Ω3, δ3,P0 − s (2 + s)ωk2) fa (Ω2, δ2,P0 − ωk2)|
2
]}
. (B31)
